Abstract. Cantor's famous proof of the uncountability of real numbers is shown to apply to the set of natural numbers as well. Independently it is proved that the uncountability of the real numbers implies the uncountability of the rational numbers too. Finally it is shown that Cantor's second diagonalization method is inapplicable at all because it lacks the diagonal. Hence, the conclusion that the cardinal number C of the continuum be larger than aleph0 is invalid. As a consequence, there remains no evidence for the existence of different infinities denoted by so−called transfinite cardinal numbers. The continuum hypothesis is not only undecidable but meaningless.
Introduction
Two finite sets have the same cardinality if there exists a one−to−one correspondence or bijection between them. Cantor extrapolated this theorem to include infinite sets as well: If between a set M and the set N of all natural numbers a bijection can be established then M is denumerable or countable and has the same cardinality, namely aleph0, as N. (The meaning of "countable" includes finite sets too.) Only after developing this concept Cantor could distinguish between different infinities, that of denumerable sets denoted by aleph0 and that of non−denumerable sets denoted by higher cardinal numbers like aleph1, aleph2, ... The series of alephs does never end though the existence of even larger, so− called inaccessible and hyper−inaccessible cardinal numbers, has been conjectured.
It is easy to define bijections like f(n) = 2 + n (1) or f(n) = 2n (2) and to obtain from them relations concerning the cardinality aleph0 like aleph0 = 2 + aleph0 (3) or aleph0 = 2 * aleph0.
Galilei noticed in 1638 already that there are as many squares as natural numbers f(n) = n^{2}
Therefore aleph0 = aleph0^{2}.
The bijection
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The bijection f(n) = 2^{n} (7) supplies aleph0 = 2^{aleph0} (8) There seems to be no immediate reason for a fundamental distinction of (4), (6) , and (8) , because multiplication and exponentiation are nothing else than abbreviations for repeated addition. But in 1874 Cantor [1] made the grave discovery that the set A of all algebraic numbers (including the set Q of all rational numbers) is countable while the set R of all real numbers is uncountable. This led him to the idea of actual infinity, distinguishing sharply between different magnitudes of (necessarily actually existing) infinity, labeled by transfinite cardinal numbers. This observation became the basis of transfinite set theory.
R is isomorphic to the continuum. Therefore its cardinal number is abbreviated by C. The equations C = 2^{aleph0} (9) and C > aleph0 (10) are taken for granted by current set theory, because the real numbers are considered the power set of the natural numbers. (As easily can be shown by induction, the power set has cardinality 2^{n}, if the set has cardinality n. An additional element number (n + 1) will and will not belong to any subset of the power set. Hence, it doubles the number of subsets and increases the cardinality of the power set by a factor 2 resulting in cardinality 2^{n+1}.) Cantor was convinced that C is the next larger cardinal number aleph1. His so−called continuum hypothesis [2] was the first problem on Hilbert's famous list of the 23 most urging problems in mathematics announced at the second mathematical world congress in 1900 at Paris. But Cantor could not prove his conjecture, and later it turned out that, on the basis of the Zermelo−Fraenkel axiom system [3, 4] , the continuum hypothesis can neither be proved nor be disproved [4−7] ; it is independent of the other axioms as is the Euclidian parallel axiom from its companions.
A considerable part of transfinite set theory rests upon the axiom of choice, according to which it is possible to select one element of any of an infinte number of sets. This axiom was introduced in 1904 by Zermelo [8] in order to prove Cantor's conjecture that every set can be well ordered. Only this axiom ascertains important theorems on transfinite numbers, such as: Every cardinal number is an aleph; the series of alephs is well ordered; etc. In 1940 Gödel [5] has shown that the axiom of choice is independent of the remaining Zermelo−Fraenkel axiomatic basis of set theory.
We will apply Cantor's famous second diagonalization method (SDM) in order to prove that any infinite set, and in particular N itself, is nondenumerable, showing that there is no firm basis to attribute a cardinal number to any infinite set. In connection with the axiom of choice SDM is then applied to show, by an independent proof, that if R is nondenumerable, then also Q is nondenumerable.
Finally it is shown that Cantor's second diagonalization method must fail in any case because there is no diagonal at all. As a result we will find that the whole theory of transfinite numbers is based upon an unreliable basis because the concept of denumerability or countability is not well definied. It is not an absolute property of an infinite set but depends on the method of investigation, very much like the wave−particle duality in quantum mechanics. This ambiguity very much like the wave−particle duality in quantum mechanics. This ambiguity makes the concept as useless as its consequence, the transfinite numbers.
Cantor's proofs
By ordering the set of polynomials according to their index (= sum of highest exponent and absolute values of all coefficients) Cantor [1] showed that A is denumerable, implying that its subset Q is denumerable too. Later on he gave a simple proof by means of his first diagonalization method [2] . The set of positive rational numbers q = m/n can be split into disjunct subsets, each of which consists of rational numbers with constant sum of numerator and denominator (m + n). The elements of each subset can be enumerated according to their value. After eliminating representations with a common divisor we obtain a one−to−one correspondence between N and Q by enumerating the series {1/1},{1/2,2/1},{1/3,3/1},{1/4,2/3,3/2,4/1}, ... .
This is called Cantor's first diagonalization method.
The proof of the nondenumerability of R (using shrinking real intervals [1] ) was later on [9] simplified by a contradiction which has become famous as Cantor's SDM. Try to set up a one−to−one correspondence between the natural numbers n and all real numbers r of the interval [0,1). For instance, put all these real numbers in an arbitrary sequence in a list with enumerated rows. The digits of the nth real number may be denoted by an1, an2, an3, ... leading to r(n) = 0.an1an2an3... . Replace the nth digit ann of r(n) by another digit bnn avoiding identities like 0.1 = 0.0999... . If possible simply put bnn = 1 + ann, for instance. Lining−up all the changed digits up to a fixed number n we obtain the number R(n) = 0.b11b22b33...bnn (13) with n digits, which obviously differs from r(n) and every real number preceding it by at least one digit. If there is no row following the nth one, then R cannot have been contained in the list because it differs from any real number listed there. But R belongs to the interval [0,1). Therefore, the list cannot have been complete, even for this small interval [0,1). The assumed bijection does not exist.
To base a whole field of mathematics on such a weak foundation as is an imagined (but in fact unimaginable) complete list of all real numbers has not been generally accepted. Kronecker and Poincaré, for instance, vehemently opposed it. But meanwhile very many if not most mathematicans seem to agree to this notion. This is indicated by the vast amount of literature published on transfinite set theory and very many text books on that topic.
SDM applied to natural numbers
To follow this proof, we must accept an infinite list with enumerated rows and, in case of non−periodic rational numbers, we must extend each number by as many zeros as are required to establish the nth digit (unless we assume infinitely many zeros being there at all). Of course, no such list can ever be set up, but if it is introduced in the arguing, that means, if we accept this procedure in the right column of table 1, then we must also accept it in its left column. There we obtain the same result with the set of natural numbers.
Consider an infinite list with enumerated rows. Replace the nth digit (now beginning to count from the right−hand side) of the nth number by another one. If possible simply add 1, for instance. If the number does not have enough digits, extend it by as many leading zeros as are required to establish the nth digit (unless we assume infinitely many zeros being there at all). Table 2 . Natural numbers n and modified natural numbers n'
We obtain a one−to−one correspondence between the original row numbers and the changed numbers n' = n + 10^{n−1}.
Lining−up all the changed digits up to a fixed number n we obtain the diagonal number
with n digits, which obviously differs from n and every smaller natural number of the list. If there is no natural number of the list surpassing n then N cannot have been contained in the list because it differs from any natural number by at least one digit.
There is no fundamental difference between R(n) and N(n). The sequences (13) and (15), have the same number of digits, and, therefore, the same degree of "reality" as long as n is finite. And should they loose this "reality" when n approaches infinity, this will happen simultaneously. Both, R(n) and N(n), are not contained in the preceding rows but with certainty in one of those belonging to the lower part of the table, at least if the list is complete with respect to the rational numbers. And this is presupposed. According to current set theory it is possible, because the rational numbers are claimed countable, and it is necessary if a serious attempt is made to compile a complete list.
Natural numbers are finite. But the list, row by row enumerated by natural numbers, is to be complete, as postulated by Cantor. And the last number of the list counts the number of its rows. This number, however, cannot be finite, because then it could be enlarged by one, according to the axiom of Archimedes, contradicting the completeness of the list. Hence we obtain a nonfinite natural number, if this complete list shall have any chance to exist. This number is as large as the number of digits of the final diagonal numbers R and N.
Infinite sets are nondenumerable

Is N a natural number? Does the set of the modified numbers n' and, in particular, does every N(n) belong to N? We will give three arguments of different logical character: an axiomatic one, another one based on common sense which, however, should not be underestimated for this reason, and a third one based on the countability of Q, showing that this question cannot be denied.
Argument 1.
Multiplication is only a short−cut notation for addition. Thus, according to the axiom of Archimedes, we cannot leave the set of natural numbers if we multiply one of its elements, i.e. the foregoing n', by less than a factor 10, to obtain the next n'. Both, n', the n−th modified number of table 2, given by (14), and the number N(n) < 2n' consisting of the modified digits up to n can be calculated and turn out to belong to N for every n.
Argument 2.
It cannot sensibly be denied, that the existence of any natural number is independent of the numerical symbols used to express it. In principle a number n need not be written in a place value system but can also be stated in a primitive system, say by notches on a rifle like the number
III...III
consisting of n strokes. Interpreting each stroke as a figure of value 1 and underlying the decimal place value system, the unchanged symbol remains a natural number with n digits, namely
111...111 = N(n) − 1. (15')
Any counter−argument denying the feasibility of this procedure should state at which digit the number (15') falls off the set of natural numbers while the same number of strokes remains inside.
For any finite n, both, n and 2^{n}, belong to the same class of numbers, namely to the class of finite numbers. Only when n approaches infinity, then 2^{n} is expected not to approach the ordinary infinity aleph0 but to jump over the whole range between aleph0 and aleph0 * aleph0 *... * aleph0 arriving instantaneously at the upper class aleph1 or larger.
Argument 3.
If the list is to be complete with regard to all rational numbers with n digits, a requirement which, according to the denumerability of Q, certainly can be satisfied, it must have at least 10^{n} rows, a number surpassing
And the number of rows (of a list containing only the rationals) is a natural one, because there is a bijection possible between N and Q.
Arguments 1, 2, and 3 show that N(n) is a natural number for any n enumerating a row of Cantor's complete list. But N(n) does not appear in table 2 on the list of all natural numbers. The only solution to this paradox is to accept that the set N is not denumerable because there is no bijection of N or any infinte set on itself, because it simply does not exist as a complete entity. Formally defined bijections like eqs. (1) or (2) do not cover the whole infinite set N. The rows of the list cannot be enumerated by the complete set N because there remains always at least one natural number outside. Therefore, any attempt to establish a bijection between any infinite set M and N must fail. This proof also covers the case M = Q, but we will now give an independent proof showing the nondenumerability of Q.
If the set R is nondenumerable then the set Q is nondenumerable too
Again (try to) imagine an infinite list with enumerated rows. But now it shall contain only all rational numbers q(n) of the interval [0,1). According to their denumerability this should be possible. But the q(n) shall not be ordered in a random sequence, because we wish to construct a rational number Q(n) after changing the diagonal digits of q(n) = 0.an1an2an3... (16) and lining−up the changed diagonal digits to obtain Q(n) = 0.b11b22b33... bnn.
Note that a special arragement of the elements of the list is not prohibited. SDM is based upon a random list which by accident can produce any sequence including that which we will generate. The probabilty for any sequence is zero but that is the same with any random selection of a real number. Nevertheless many real numbers are selected day by day. The only condition to be observed is that the sequence be possible. We cannot obtain a diagonal having only digits ann 1, say, (in order to replace each ann by 1 and obtain the rational number Q = 0.111... not contained in the list). This is impossible, because a complete list has to contain the rational numbers 0.111..., as well as 0.2111... and 0.3111... . It would also be impossible to generate a sequence according to which ann is odd for odd n and even for even n (or generating any other period). This is prohibited because rational numbers like 0.010101... then could not be listed.
From statistical considerations we conclude that, for any n, a large fraction of all rational numbers do not show zero at the nth digit (the exact amount is of no importance if there are only infinitely many, which is true). Let us arrange the list so that its upper part is occupied by all those numbers which have a zero at the nth digit: ann = 0. In some cases this is not avoidable, e.g. for 0.000... or for at least eight numbers of the series 0.1 , 0.2 , ..., 0.9. In other cases we may just be too lazy to find a suitable position in the lower part of the list. This lower part will contain infinitely many numbers (like 0.111...) with the only alternative, namely the nth digit ann 0. To arrange this, we can make use of the axiom of choice.
If we now change the diagonal elements in the upper part from ann = 0 to bnn = 1 and simply drop the remaining diagonal elements ann 0, we obtain the rational number Q = 0.111...111 consisting of infinitely many digits 1 (even if we were not at all lazy), hence amounting exactly to Q = 1/9. Due to our proof it differs from any q(n) of the list by at least one digit, although similar numbers 0.111...111 (but with at least one digit more or less than Q) may have been recorded there. If we agree that a number with infinitely many digits equal to 1 is a rational number, then only two different views of this result are possible but lead to the same result: View 1. The list, assumed complete at least with regard to the rational numbers, was not complete. We can obtain a new rational Q as often as we make this mathematical experiment.
This contradicts a bijection of the set N on the set Q, i.e. the denumerability of Q. As its denumerability was established by another proof this concept is not well defined. Hence it also has no significance with respect to R. Adopting this view, we see that also in Cantor's list some r(n) (appearing in the lower parts) will differ from the constructed R by only one digit with a value much smaller than the last nonzero digit of our Q. Cantor distinguishes R from every r(n) even if both with respect to the less sharp criterion adopted by view (2) are identical. Therefore, also the second logic alternative leads to the same conclusion: Cantor's proof of the nondenumerability of R is either invalid (according the less sharp criterion adopted by view (2)) or it implies the nondenumerability of Q (view (1)) and, hence, contradicts its basic concept. 3 , that we can avoid, ever to enter that lower part of the list where the nonzero diagonal elements occur, simply by always inserting the mirror image of the preceding row number, an arrangement equivalent to a mapping f(n) = (n − 1). This proves the possible existence of the sequence of zeros on the diagonal which our gedankenexperiment is based upon, though it is unclear how to proceed to the lower region at all.
Cantor's missing diagonal
But that question is unimportant, because now we come to the basic reason of the failure of Cantor's SDM. The logical flaw is that there is no diagonal at all. An n−digit number belongs to a set of 10^{n} numbers of same length (= same number of digits). Their decimal digits make up a 10^{n}*n−matrix. The list of all real numbers has in any case more rows than columns, no matter what is the length, n or aleph0 or simply infinity. Even the list of all rational numbers alone cannot be handled by SMD, although it is asserted countable by set theory. At least when inserting b100100 into the 100th row, we perceive the list to include not less than 10^{100} rows. And one of them contains with certainty the number Q(100) = 0.b11b22b33...b100100 (17') up to then obtained as different from all preceding numbers q(n). But our expectation ever to reach the bottom develops worse and worse. We can not even expect to getting finished in infinite time. On the contrary, the amount of remaining work grows exponentially. Hence, the idea of changing every rational (let alone every real) number by replacing the diagonal is as absurd as a sprinter's never fulfilling dream of running one step in front of himself.
Cantor obviously did not notice this self contradiction, because he does not mention the impossibility of the task required by SMD. He used a binary system [9] , choosing the values m and w (the German abbreviations for male and female, perhaps in order to avoid problems like 1 = 0.111... in the binary system Note that the 2^{n}−growth of rows of Cantor's list, compared to the number n of columns, provides no evidence in favour of a special status of the cardinality 2^{aleph0} of R. A row number growing as n^{2} or 2n or even as (n + 1) would not qualitatively make a difference in that the last row forever remained inaccessible. To assert a qualitative difference between the mapping f(n) = 2^{n} and Galilei's mapping f(n) = n^{2} or just f(n) = 2n is unreasonable and also incomprehensible, because exponentiation and multiplication are nothing else than an abbreviation of repeated addition. Thus, the equation
is as obvious as the generally accepted equations infinity = infinity^{2} (19) or infinity = 2 * infinity (20)
Concluding remarks
As noted above, the non−integer parts of all real numbers between 0 and 1 are the power set of R because all combinations of natural numbers are lined−up therein. The same applies to N. The set of all natural numbers constitutes the power set of itself, because if the members of any subset of N step in line the result is another natural number. Obviously the power set has more elements than its set. But this is true for any infinite set because of infinity = infinity + 1
It has been shown that the concept of denumerability is not well defined. Applying the second diagonalization method to the set of rational numbers we see the affirmative result of the first diagonalization method contradicted. (As a consequence the Lebesgue measure of Q need not necessarily be zero.) We have no tool and, as it seems, no reason to distinguish between different (necessarily actual) infinites. We trade−in the advantage, that the set of all sets is no longer a paradox because it is not more bewildering than the largest number: Both notions simply do not exist in accordance with the axiom of Archimedes.
For infinity is not, never and nowhere, actually existing, it obviously cannot be reached by anything including human thought, all the less be surmounted. Hence it is meaningless to search for sets with cardinal number between or surmounting aleph(n) and aleph(n+1) or to prove or to disprove aleph1 = 2^{aleph0}. All the different alephs, beths and omegas, presently abbreviating transfinite cardinals, and with them the inaccessible and super−inaccessible cardinals can be expelled from mathematics because we know (more or less) only one potental infinity, and there is no need to use any other symbol than the usual abbreviation of infinity introduced by Wallis in 1655.
